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Plan for the talk

Develop (possibly relevant) translations.
Sample:
- Corollary results

- Questions for future work

- Conceptual clarifications
Proceed via series of translations:

1 {A,v,—}
2. {n,v,—>,0,t}

3. {Aa vquoatvﬁ}



The basic relevant logic B

Basic relevant logic B (or B*):

Axiom schemes
T e—ep b [(p—=Y) A (p—=x)] = e = AxX]
2. o1 A2 — @i 5 [e=x)A@—=x)]—=[eve—x]
3. pi > 1V @2 6. [pA (¥ v X)] = [(prd)v(enx)]

Rules
— q
w modus ponens @7 adjunction
Y AP
— —
L 77/} prefixing L 1/) suffixing

X—9)—>Kx—v) (¥ —=x) = (¢ —x)



Axioms for stronger logics

7 (p—=1) =[x = ¢) = (x = ¥)] (prefixing)
8. (p =) = [(¥—x) — (¢ = Xx)] (suffixing)
9. (p =) A (W —x) = (p—X) (hypothetical syllogism)
10. @ A (@ — ) — 1 (pseudo-modus ponens)
M [p—=(p—=¥)] - (p—19) (contraction)
2. 0= [(¢ =) = 9] (assertion)

Relevant logic R:
Rt =B "®{7,...,12} =BT @®{8.,11.,12.}
Further logics:
TW' =BT ®{7.,8]} TWI' =BT ®{7,8.,9.}
ct:=Bt@{7,8,10} T =Bt @{7,8.,11.}
RW* :=B" @ {7.,8.,12.}
Ordered by strength:

/RW*\

Bt ——>TW"—>TWJ* —>C* T+ E* Rt







Routley-Meyer semantics

Routley-Meyer frames: § = (K, R, N), where
Rc K x K x K, NcK, x <y iff 3ne N(Rnxy),

and:
- (preorder) < is a preorder,
- (upset) ne Nandn <mimplyme N,
- (down-down-up) Rxyz, x~ <z,y~ <w, z<z" imply Re—y z+.

Routley-Meyer models: 9 = (§, V) where
xeV(p)and z <y imply y € V(p).
Clauses:
M,z |- p iff zeV(p),
Mal-eary iff Mazi-pand Mz,
Mal-evey Iff Mazi-porIM i,
Mzl —1 Iff Vy ze K: Rryzand M,y |- ¢ imply M, z |- 1.



Completeness and correspondence

Fact 1: Bt is complete for all RM-frames.

Notation: Given R < K3, set z -y := {z | Rzyz}, and lift to sets

X Y := U z-y.
zeX,yeY

Fact 2: Each other logic is complete for its correspondence class:

SFp—q¢) = [(r—=p —(—-9] If (z-y)-2cC2-(y-2) 7
SFlp—=q) —=[g=r)—>p@—r)] If -y zcy-(z-2) 8
) A (x

SFP—-gnrlg—r)—>p@—r) If z-ycz-(z-y)
SkEpAa(p—q) —q iff TET X 10.
SFp—=@—-q9]—(pP—2q) iff r-ycS(z-y) -y 1

Skp—[p—q —ql iff Tycy-x 12.



Target modal logic

Language: ¢ := L[ T [p|—p oV e|O(p ).
Fact: K, is complete for all frames F = (W, R), R < W3,

Diamond clause:
M,wE O(p,¢) iff Jv,ueW: Rwou, M,v = ¢, and M, u E .
Observe:

M, w = =O(p, ) iff Yo,ue W: Rwouand M, v |- ¢ imply M, u |- 4.



Basic translation

(abbreviate - — - := =0(-, =)
pt o= p (pvi) = " vyl
(p—=) = ¢" > (pA) = " Agn

FB+ ¢ =Y < Fx, ¢ DY

Proof structure.
Define F': {(M,w)} 2 {(!,z)} : G such that

FM,w) I « if MuwkEa" (hence =)
and
M,z -« iff G, z) = a” (hence <)



Extending the *-translation

Does * extend to translate stronger relevant logics?
Yes: Let ® < {7.,...,10.} and ®* := {a* D * | @« — f € D}. Then:

FBtgo © — ¥ iff FK.@ar @ D Y*
Aﬂd Nno: |_B+@{11} ].0 but %KQ@{II}* {10}*
What if the main connective is not ‘—'?
LetOop:=T — ¢, and set
p* o= p (evy)® = ¢* vyt
(p—¥)* = O-(p 29" (pry)* = " Ay™
Then: FB+ @ = l_Kz (p*
Proof structure. Now define F': {(M,w)} = {(9M,n)} : G such that

FM,w) - « only if M, w = o* (hence =)
M,z -« if GO, z) =t (hence <) 8



Lost and found in translation

Fails to translate the greater relevant family
(Un)decidability

The modal logic of the class of frames where

(z-y)-zcz-(y-2), (z-y)-z2cy-(x-2), zycz (zy)

is undecidable; and so is the modal logic of frames where
(x-y)-z<Sz-(y-2), (z-y)-z<€y-(z-2), TET- .

Proof.

Use *-translation and undecidability of TWJ* (= B* @ {7.,8.,9.})

and C*(= Bt ®{7.,8.,10.}), cf. SBK (2025) and Urquhart (1984). O
Interpolation

Recall: Fpt @ — = Fi, ©° D Y.



Translating beyond the basics




Truth t and fusion o

Extended relevant grammar: p:=pltlpveo|pre | — ¢ | pop.

Axiomatization of B: Add t as an axiom, and rules

o — (1 — x) (porh) — x ®
(potp) = x o — (P > X) t=@

RM-frames § = (K, R, N) and RM-models § = (9, V') remain the
same, with clauses:

M,z -t iff z€ N,
M,z IFporp iff dz,y: Rryz, x |- ¢, and y - .

Fact: The basic relevant logic remains complete for all frames.



Target modal logic

Extended grammar: p ==L | T |p|t]| —p| e Vv e |Olp,¢) | pvop,
where t is a nullary modality and o is a binary modality.

= Kripke frames are now F = (W, R, S, N) where S < W? and
N < W. But triples (W, R, N) suffice by requiring:

(potp) D xisatheorem iff > (¥ — x)isatheorem!
The modal clauses are the same as the relevant ones.

M,u k=t iff u€e N,
M,u k= po iff Jw, v: Rwou, w = ¢, and v = .

40r, equivalently, by including:
[(p—qop]>qg and p>[g— (poqg)l

1



RM-frames are modally definable

Given F = (W, R, N), recall the def: z < y Iff 3n € N(Rnay).

Proposition (modal correspondences)
Let F = (W, R, N) be a Kripke frame. Then:

FeEpotop iff < s reflexive,
Feto(top) otop iff < is transitive,
Fetotot iff N is an <-upset,

Fi=(top)ogdpog iff Rxyz, =~ <z = Rx yz,
FEpo(tog) Dpog iff Rxyz,y~ <y = Rxy z,
Feto(pogq) Dpogq iff Rxyz,z < 2t = Rayzt.

In sum, a Kripke frame F = (W, R, N) is a Routley-Meyer frame iff it
validates the listed axioms.

Observe that all formulas are Sahlqvist.



Suggests translating into the least NML
validating residuation and the RM-frame
axioms (call it Mod.B")



The °-translation

p° = top (pve)® = @ vy°
(p—9)° = ¢ —>9y° (pAg)® = @AY
=t (poy)® = ¢oy”.

Lemmas:

- For all Mod.B*-models (W, R, N, V), |[p°| is a <-upset.
- Let (W, R, N,V) be a Mod.B™-model. When V(p) is a <-upset:

wEep Iff wkEp°.
Theorem: gy iff FaoaB+ t 2 ¢°.
Theorem: For pt the conjunction of res. ax. and the RM-frame ax.:
RMFr™(T) := {§ | § is an RM-frame validating each ¢ € T’}
= {F | F is a Mod.B*-frame validating t o ¢° for each p e I'}
= {F | F is a Kr-frame validating u* and t > ¢° for each p € I'}
= KFrf(ut,t oT°).
Thus, for any class C of RM-frames: ClI-¢ iff CkEt>° 13



Translating negation —

- With negation —, RM-frames become (K, R, N, *),for* : K —» K.

- Expand modal grammar with modality [, so Kripke frames become
(W,R,N,*), for*c W x W.

- Translate (—p)° := El—¢°.
- Modally define RM-frames:

FEfpco—-E—p iff the relation * is a function,
FiE=pcoETp iff *is an involution,
FEEpA(tog) oto(gaB(top)) iff r<y = y*<z*.
- Theorem: g iff FMoa.B t D ¢°.

- Theorem: Let u be pu* conjoined with the above. Then:
RMFr(T") = KFr(p,t © T°).

- Thus, for any class C of RM-frames:

Clbe if Crtoy°
14



Thank you!
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