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Plan for the talk

Develop (possibly relevant) translations.

Sample:

• Corollary results
• Questions for future work
• Conceptual clarifications

Proceed via series of translations:

1. t^,_,Ñu
2. t^,_,Ñ, ˝, tu
3. t^,_,Ñ, ˝, t,␣u
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The basic relevant logic B

Basic relevant logic B (or B`):

Axiom schemes
1. φÑ φ

2. φ1 ^ φ2 Ñ φi

3. φi Ñ φ1 _ φ2

4. rpφÑ ψq ^ pφÑ χqs Ñ rφÑ ψ ^ χs

5. rpφÑ χq ^ pψ Ñ χqs Ñ rφ_ ψ Ñ χs

6. rφ^ pψ _ χqs Ñ rpφ^ ψq _ pφ^ χqs

Rules

φ φÑ ψ
modus ponens

ψ

φ ψ
adjunction

φ^ ψ

φÑ ψ
prefixing

pχÑ φq Ñ pχÑ ψq

φÑ ψ
suffixing

pψ Ñ χq Ñ pφÑ χq
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Axioms for stronger logics

7. pφÑ ψq Ñ rpχÑ φq Ñ pχÑ ψqs (prefixing)
8. pφÑ ψq Ñ rpψ Ñ χq Ñ pφÑ χqs (suffixing)
9. pφÑ ψq ^ pψ Ñ χq Ñ pφÑ χq (hypothetical syllogism)
10. φ^ pφÑ ψq Ñ ψ (pseudo-modus ponens)
11. rφÑ pφÑ ψqs Ñ pφÑ ψq (contraction)
12. φÑ rpφÑ ψq Ñ ψs (assertion)

Relevant logic R:

R` “ B` ‘ t7., . . . , 12.u “ B` ‘ t8., 11., 12.u

Further logics:

TW` :“ B` ‘ t7., 8.u TWJ` :“ B` ‘ t7., 8., 9.u

C` :“ B` ‘ t7., 8., 10.u T` :“ B` ‘ t7., 8., 11.u

RW` :“ B` ‘ t7., 8., 12.u

Ordered by strength:

B` TW`

RW`

TWJ` C` T` E` R`
3
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Routley–Meyer semantics

Routley–Meyer frames: F “ pK,R,Nq, where
R Ď K ˆK ˆK, N Ď K, x ď y iff Dn P NpRnxyq,

and:

• (preorder) ď is a preorder,
• (upset) n P N and n ď m imply m P N ,
• (down-down-up) Rxyz, x´ ď x, y´ ď y, z ď z` imply Rx´y´z`.

Routley–Meyer models: M “ pF, V q where
x P V ppq and x ď y imply y P V ppq.

Clauses:
M, x , p iff x P V ppq,

M, x , φ^ ψ iff M, x , φ andM, x , ψ,

M, x , φ_ ψ iff M, x , φ orM, x , ψ,

M, x , φÑ ψ iff @y, z P K : Rxyz andM, y , φ implyM, z , ψ.
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Completeness and correspondence

Fact 1: B` is complete for all RM-frames.

Notation: Given R Ď K3, set x ¨ y :“ tz | Rxyzu, and lift to sets

X ¨ Y :“
ď

xPX,yPY

x ¨ y.

Fact 2: Each other logic is complete for its correspondence class:

F , ppÑ qq Ñ rpr Ñ pq Ñ pr Ñ qqs iff px ¨ yq ¨ z Ď x ¨ py ¨ zq 7.
F , ppÑ qq Ñ rpq Ñ rq Ñ ppÑ rqs iff px ¨ yq ¨ z Ď y ¨ px ¨ zq 8.
F , ppÑ qq ^ pq Ñ rq Ñ ppÑ rq iff x ¨ y Ď x ¨ px ¨ yq 9.
F , p^ ppÑ qq Ñ q iff x P x ¨ x 10.
F , rpÑ ppÑ qqs Ñ ppÑ qq iff x ¨ y Ď px ¨ yq ¨ y 11.
F , pÑ rppÑ qq Ñ qs iff x ¨ y Ď y ¨ x 12.
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Target modal logic

Language: φ ::“ K | J | p | ␣φ | φ_ φ | ♢pφ,φq.

Fact: K2 is complete for all frames F “ pW,Rq, R ĎW 3.

Diamond clause:

M, w ( ♢pφ,ψq iff Dv, u PW : Rwvu,M, v ( φ, andM, u ( ψ.

Observe:

M, w ( ␣♢pφ,␣ψq iff @v, u PW : Rwvu andM, v , φ implyM, u , ψ.
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Basic translation

Translate: (abbreviate ¨ Ñ ¨ :“ ␣♢p¨,␣¨q)
p‹ :“ p pφ_ ψq‹ :“ φ‹ _ ψ‹

pφÑ ψq‹ :“ φ‹ Ñ ψ‹ pφ^ ψq‹ :“ φ‹ ^ ψ‹.

Theorem

$B` φÑ ψ ô $K2
φ‹ Ą ψ‹.

Proof structure.
Define F : tpM, wqu Õ tpM, xqu : G such that

F pM, wq , α iff M, w ( α‹ (henceñ)

and

M, x , α iff GpM, xq ( α‹ (henceð)
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Extending the ‹-translation

Question 1: Does ‹ extend to translate stronger relevant logics?
Yes: Let Φ Ď t7., . . . , 10.u and Φ‹ :“ tα‹ Ą β‹ | αÑ β P Φu. Then:

$B`‘Φ φÑ ψ iff $K2‘Φ‹ φ‹ Ą ψ‹

And no: $B`‘t11.u 10. but &K2‘t11.u‹ t10.u‹

Question 2: What if the main connective is not ‘Ñ’?
Let lÑφ :“ J Ñ φ, and set

p˚ :“ p pφ_ ψq˚ :“ φ˚ _ ψ˚

pφÑ ψq˚ :“ lÑpφ
‹ Ą ψ‹q pφ^ ψq˚ :“ φ˚ ^ ψ˚.

Then: $B` φ ô $K2 φ
˚.

Proof structure. Now define F : tpM, wqu Õ tpM, nqu : G such that

F pM, wq , α only if M, w ( α‹ (henceñ)
M, x , α if GpM, xq ( α‹ (henceð) 8



Lost and found in translation

¨ Fails to translate the greater relevant family

¨ (Un)decidability

Theorem
The modal logic of the class of frames where

px ¨ yq ¨ z Ď x ¨ py ¨ zq, px ¨ yq ¨ z Ď y ¨ px ¨ zq, x ¨ y Ď x ¨ px ¨ yq

is undecidable; and so is the modal logic of frames where

px ¨ yq ¨ z Ď x ¨ py ¨ zq, px ¨ yq ¨ z Ď y ¨ px ¨ zq, x P x ¨ x.

Proof.
Use ‹-translation and undecidability of TWJ`p“ B` ‘ t7., 8., 9.uq

and C`p“ B` ‘ t7., 8., 10.uq, cf. SBK (2025) and Urquhart (1984).

¨ Interpolation

Recall: $B` φÑ ψ ô $K2
φ‹ Ą ψ‹. 9



Translating beyond the basics



Truth t and fusion ˝

Extended relevant grammar: φ ::“ p | t | φ_φ | φ^φ | φÑ φ | φ ˝φ.

Axiomatization of B: Add t as an axiom, and rules

φÑ pψ Ñ χq

pφ ˝ ψq Ñ χ

pφ ˝ ψq Ñ χ

φÑ pψ Ñ χq

φ
tÑ φ

RM-frames F “ pK,R,Nq and RM-models F “ pM, V q remain the
same, with clauses:

M, z , t iff z P N,

M, z , φ ˝ ψ iff Dx, y: Rxyz, x , φ, and y , ψ.

Fact: The basic relevant logic remains complete for all frames.
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Target modal logic

Extended grammar: φ ::“ K | J | p | t | ␣φ | φ_ φ | ♢pφ,φq | φ ˝φ,

where t is a nullary modality and ˝ is a binary modality.

ñ Kripke frames are now F “ pW,R, S,Nq where S ĎW 3 and
N ĎW . But triples pW,R,Nq suffice by requiring:

pφ ˝ ψq Ą χ is a theorem iff φ Ą pψ Ñ χq is a theorem.1

The modal clauses are the same as the relevant ones.

M, u ( t iff u P N,

M, u ( φ ˝ ψ iff Dw, v: Rwvu, w ( φ, and v ( ψ.

4Or, equivalently, by including:
rpp Ñ qq ˝ ps Ą q and p Ą rq Ñ pp ˝ qqs.
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RM-frames are modally definable

Given F “ pW,R,Nq, recall the def: x ď y iff Dn P NpRnxyq.

Proposition (modal correspondences)
Let F “ pW,R,Nq be a Kripke frame. Then:

F ( p Ą t ˝ p iff ď is reflexive,
F ( t ˝ pt ˝ pq Ą t ˝ p iff ď is transitive,
F ( t ˝ t Ą t iff N is an ď-upset,
F ( pt ˝ pq ˝ q Ą p ˝ q iff Rxyz, x´ ď xñ Rx´yz,

F ( p ˝ pt ˝ qq Ą p ˝ q iff Rxyz, y´ ď y ñ Rxy´z,

F ( t ˝ pp ˝ qq Ą p ˝ q iff Rxyz, z ď z` ñ Rxyz`.

In sum, a Kripke frame F “ pW,R,Nq is a Routley–Meyer frame iff it
validates the listed axioms.

Observe that all formulas are Sahlqvist.
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Suggests translating into the least NML
validating residuation and the RM-frame

axioms (call itMod.B`)
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The ˝-translation

p˝ :“ t ˝ p pφ_ ψq˝ :“ φ˝ _ ψ˝

pφÑ ψq˝ :“ φ˝ Ñ ψ˝ pφ^ ψq˝ :“ φ˝ ^ ψ˝

t˝ :“ t pφ ˝ ψq˝ :“ φ˝ ˝ ψ˝.

Lemmas:
• For allMod.B`-models pW,R,N, V q, }p˝} is a ď-upset.
• Let pW,R,N, V q be aMod.B`-model. When V ppq is a ď-upset:

w ( p iff w ( p˝.

Theorem: $B φ iff $Mod.B` t Ą φ˝.

Theorem: For µ` the conjunction of res. ax. and the RM-frame ax.:
RMFr`

pΓq :“ tF | F is an RM-frame validating each φ P Γu
“ tF | F is aMod.B`-frame validating t Ą φ˝ for each φ P Γu
“ tF | F is a Kr.-frame validating µ` and t Ą φ˝ for each φ P Γu
“: KFr`

pµ`, t Ą Γ˝q.

Thus, for any class C of RM-frames: C , φ iff C ( t Ą φ˝ 13



Translating negation ␣

¨ With negation ␣, RM-frames become pK,R,N, ˚q, for ˚ : K Ñ K .
¨ Expand modal grammar with modality l␣ , so Kripke frames become
pW,R,N, ˚q, for ˚ ĎW ˆW .
¨ Translate p␣φq˝ :“ l␣␣φ˝.

¨ Modally define RM-frames:
F ( l␣p ĂĄ ␣l␣␣p iff the relation ˚ is a function,
F ( p ĂĄ l␣l␣p iff ˚ is an involution,
F ( l␣p^ pt ˝ qq Ą t ˝ pq ^l␣pt ˝ pqq iff x ď y ñ y˚ ď x˚.

¨ Theorem: $B φ iff $Mod.B t Ą φ˝.

¨ Theorem: Let µ be µ` conjoined with the above. Then:

RMFrpΓq “ KFrpµ, t Ą Γ˝q.

¨ Thus, for any class C of RM-frames:
C , φ iff C ( t Ą φ˝
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Thank you!
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